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A precise analogy is drawn between circulation of a stratified fluid in a 
gravitational field, and angular momentum of a gyroscope. Collective dynamical 
equations for a stratified fluid are derived from tensor spatial moments of the fluid 
motion equation in the Boussinesq approximation. From the collective dynamical 
equations the gyroscope equations arise as a special case. In two dimensions the 
gyroscope equations reduce to the pendulum equation, which describes planar con- 
vection as “angular sloshing” whereby the density gradient vector of the stratified 
fluid undergoes pendulum motion in a vertical plane. 0 1986 Academic PKSS, IK. 
INTRODUCTION 
Convection of stratified incompressible fluid under gravity is driven by 
local gravitational torques, g x Vp, which create vorticity wherever the den- 
sity gradient Vp is transverse to the field g. The combined effect of these 
local torques can result in large-scale, collective motion of the fluid, and 
the formation of convection cells. 
Our problem is to determine the dynamical equations that govern the 
collective motion of a stratified incompressible fluid under gravity. For this 
we use the method of tensor moments. The advantage of the method of ten- 
sor moments is its reduction of the fluid motion equations to a dynamical 
system of ordinary differential equations, which incorporates boundary 
conditions explicitly. 
It is a standard technique for the treatment of integrodifferential 
equations to take moments of the equations concerned, and consider 
suitably truncated sets of the resulting equations. For example, tensor 
moments of the hydrodynamical equations yield the so-called tensor virial 
equations, used by Chandrasekhar Cl] to examine ellipsoidal figures of 
equilibrium of a constant density fluid under its own gravity. 
Collective variables for fluid dynamics arise naturally when tensor spatial 
moments of the motion equation are taken. For example, the first tensor 
moment of the motion equation describes temporal evolution of the 
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moments of inertia, total angular momentum, and total circulation of the 
fluid in terms of stress tensor components and torques. 
Tensor-moment dynamics of fluid circulation turns out to be analogous 
to gyroscopic motion. In fact, the circulation equations in the Boussinesq 
approximation reduce to precisely gyroscopic dynamics in the following 
limit: fluid circulation within an ellipsoidal cavity of fixed shape and fixed 
orientation; upon whose surface are imposed homogeneous boundary con- 
ditions; and in the special case when the fluid profiles are linear (i.e., for 
uniform gradients). In this limit, fluid circulation is described by the three- 
dimensional gyroscope equation, with its attendant global instability and 
chaotic behavior under perturbatiops and forcing, for circulation about the 
intermediate principal axis. 
Reduction to gyroscopic motion of fluid flow with linear profiles was 
noted already in 1879 by Greenhill [2] for circulation of a fluid of constant 
density within an ellipsoidal cavity. Before Greenhill, fluid flows with linear 
profiles had also been studied by Dirichlet, Dedekind, and Riemann, in 
connection with ellipsoidal figures of fluid equilibrium. The history and 
development of the latter topic is given with complete references by Chan- 
drasekhar [ 11. Rotating ellipsoidal fluid solutions are also treated in the 
classical texts by Basset [3] and Lamb [4]. 
More recently Dolzhanskiy and Obukhov have reconsidered ellipsoidal 
fluid motion both experimentally [5] and theoretically [6-lo]. 
Dolzhanskiy [9] first noted the analogy with gyroscopic motion for ther- 
mally stratified incompressible fluids that circulate with linear profiles 
within an ellipsoidal cavity. 
Here we extend the results of Dolzhanskiy to include salinity gradients 
and nonuniform density in hydrostatic equilibrium. Furthermore, we place 
this result in the context of tensor-moment dynamics. The tensor moment 
equations dictate how the collective dynamics of a fluid differs from 
gyroscopic motion in the general case, for nonlinear spatial profiles as well 
as for nonhomogeneous boundary conditions. 
The use of tensor moments as collective variables identifies the 
parameters that control collective dynamics in terms of the initial spatial 
distributions, boundary conditions, geometrical configuration, and con- 
stitutive relations of the fluid. A similar technique is used in [ 111 for ideal 
magnetohydrodynamics. In that case the collective motion is Hamiltonian 
with a configuration space equivalent to the Lie group O(4) x [w3; so special 
group theoretical methods are available, see [ 12-141. 
The plan of the present paper is as follows: In the first two sections we 
recall the familiar equations of fluid dynamics and develop a stratified 
Boussinesq approximation, following Turchak and Shidlovskii [ 151 to 
allow for nonuniform equilibrium density. In the third section we take 
spatial moments of the Navier-Stokes equations in the stratified 
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Boussinesq approximation. The tensor-moment equations that result 
describe collective dynamics of the stratified fluid in three dimensions; 
including the effects of boundary conditions explicitly. In Section 4 we 
demonstrate the existence of solutions with linear profiles by direct sub- 
stitution into the original Boussinesq equations. We also show that for 
linear-profile solutions the moment equations have the same content as the 
original Boussinesq equations. In Section 5 we discuss the effect of fluid 
motion on diffusion. Then in Section 6 we draw out the analogy between 
convection and gyroscopic motion within the framework of the moment 
equations. This gyroscopic motion reduces to simple pendulum motion for 
the planar elliptical flows discussed in Section 7. The linal section is 
devoted to conclusions and summary, as well as to an overview of the 
generality of the tensor-moment method. 
1. THE EQUATIONS OF THE STRATIFIED FLUID MODEL 
In a stratified fluid the density varies because of thermal gradients, and 
gradients of the concentration of whatever species is in solution. The 
species in solution is called “salt” for short, since the most familiar stratified 
fluid is salt water. The system of equations that describes the motion of 
such a fluid includes the equations of motion, continuity, diffusion of salt 
solution, energy, and state. The system can be expressed without dimension 
as Cl51, 
(motion) (1.1) 
g=;+,.v (1.2) 
(continuity) g+v-(pv)=O (1.3) 
(salt diffusion) 
ds ;i;=&v2s 
(energy) 
dT 
q=&V2T 
(1.4) 
(1.5) 
(state) P=P(T,P,s). (1.6) 
Here, the following dimensionless variables appear: three-dimensional 
velocity v = (vi, u2, v3 ); pressure p; density p; salinity s (Salinity is the 
relative mass concentration of salt.); temperature T; time t; and Eulerian 
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coordinates x = (xi, x2, x3) in a Cartesian coordinate system. We have 
chosen the following scale parameters: characteristic length, L; velocity, V, 
density p,, ; temperature, T,,; characteristic time, L/V, and pressure pO gL, 
where g is the acceleration due to gravity. In the coordinate system the z- 
axis direction 2; = Bi3 is upward vertically, and V2 is the three-dimensional 
Laplacian. 
The modeling numbers associated with the names of Froude, Prandtl, 
Schmidt, and Reynolds are defined by the following expressions: 
Fr = I”/( gL) 
Pr = vpo CJlc 
SC = v/D 
Re = VLIv. 
(1.7) 
Here the constitutive coefficients of kinematic viscosity v, thermal conduc- 
tivity IC, saline diffusion D, and specific heat capacity at constant pressure 
cp are all assumed to be constants. 
In the energy equation we have neglected viscous energy dissipation, 
compared to thermal conduction. 
For the state equation we drop the pressure-dependence of the density, 
and linearize the density dependence upon temperature and salinity. Con- 
sequently, the dimensionless state equation is 
p= 1 -cc(T- l)+/?(s-so), (1.8) 
where a and fi are dimensionless thermodynamic derivatives, constant for 
the fluid in question. The values p = 1, T = 1, and s = s,, are dimensionless 
reference conditions. 
2. BOUWNESQ EXPANSION AROUND HYDROSTATIC EQUILIBRIUM 
In hydrostatic equilibrium the fluid state is given by the dimensionless 
relations 
Vp, = dp,fdz = - pe 
pe = 1 - EZ, E = --aA,+ jA,s 
(2.1) 
s,=Q- A,z 
where subscript e denotes the equilibrium state. Here the constants A, and 
A, are determined from the boundary conditions for the temperature and 
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the salinity. The sign of the stratification parameter, E, determines whether 
the hydrostatic equilibrium is buoyantly stable; with E>O for static 
stability. 
Suppose the quantity E is small, ( E ( 6 1, as it is for salt water. Then E can 
be chosen as a small parameter for expansion and subsequent sim- 
plification of the equations, to achieve the Boussinesq approximation. In 
the Boussinesq approximation, the deviations of the fluid variables from 
their equilibrium values are defined by the formulas [ 151 
p = pe + &b(X, t) = 1 - E(b - z) 
T= T, + 0(x, t) = 1 + (0 - A,z) 
s = s, + &0(X, t) = so + E(g - 2,z) 
P = pe + Fr P(x, t), 
(2.2) 
where the constants CC, /I, AT, and A, satisfy the relation from (2.1) 
-&A*+p&= 1; &AS= A,, &ii = a. 
The deviations of the density and salinity from equilibrium are both 
taken to be small, O(E). The deviation of the temperature is not small, but 
its effect on the density is small because the coefficient of thermal expansion 
c( = cl& is small. The increment in pressure p(x, t) referred to the quantity 
p. V* is assumed to be 0( 1). 
To leading order in E, the result of this Boussinesq expansion provides 
the equation of motion 
b= -iiO+~o 
and also gives subsidiary equations which take the form 
v-v=0 
$= A.v.i+- 2 
PrlReV ’ 
. 
(2.4) 
Note that the equations for the perturbation variables 0 and 0 are identical 
in form and linear in each variable. Equations (2.3)-(2.4) will be the sub- 
ject of the remainder of our analysis. 
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3. MOMENT EQUATIONS FOR A STRATIFIED BOUSSINESQ FLUID 
An effective way to approach the dynamics of fluid problems is through 
the first spatial moments of the motion equation. These spatial moments 
identify the global quantities that describe the dynamics of the flow. The 
first spatial moment of the motion equation (2.3) begins as 
$‘+$++rb6j3-~V2c, =0 
I 
where the integration is performed over the entire volume occupied by the 
fluid. This integral may be recast with the help of the following identity, 
valid for an arbitrary function Q(x, t) and fixed volume, V, 
5 
d3X dQ(x, I)_ 5 
dt-dt v j 
d3x Q(x, t). 
V 
(3.2) 
Consequently the nine moment equations (3.1) become, after integrating by 
parts, 
d 
ZV s 
xivjd3x = 
(3.3) 
The shear term in the moment equations (3.1) may be removed to the 
boundary by Gauss’s theorem. The proof follows: 
x.%-h. v 
’ ax, lk I 
5 Si(V,). (3.4) 
Consequently one may cast the moment equations into the form 
$ (x;v,) = (v;vj+b,p-&x,b(i,,\ 
- 
fi s dSk(X,ak, P) + & Si(Vj), (3.5) 
where the notation (Q) = j d3xQ(x, t) represents volume average over the 
fluid for an arbitrary function Q(x, t), and Si(Q) = [jdSk[xi(aQ/ax,)- Sik Q]. 
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The quantity S,(uj) represents the “moment of dissipation,” which has been 
transferred to the boundary by Gauss’s theorem. 
Equations (3.3) or (3.5) are the tensor-moment equations whose proper- 
ties and solutions are sought. The symmetric and antisymmetric parts, and 
the trace of these moment equations each give further informaton about 
global dynamics of the fluid motions. 
3.1. Symmetric Part 
The symmetric part of the moment equations involves the second time 
derivative of the moment of inertia tensor, I,, which is given by 
I, = s, d3X(X,Xj) = (qx,), (3.6) 
in the bracket notation, ( ). By definition of I, and the identity (3.2) one 
has 
d3X(UjXj+XiUj)= (uix,+x,uj). (3.7) 
” 
The second time derivative appears in the symmetric part of the moment 
equations (3.3), as 
)I 
, (3.8) 
where Tq is the stress tensor for a Boussinesq fluid, 
T,= ViVj+ p6,- [ - (3.9) 
which includes viscous, normal, and gravitational stresses. The symmetric 
part of the moment equations above in (3.8) is called the tensor virial 
equation in the astrophysical literature [16]. 
3.2. Trace 
The trace of the moment equations (3.8) gives the following relation 
1 d21 --= 
2 dt’ 
~2+3~-~x3)-~~dS~[x~~-~~], (3.10) 
where we have used div v = 0 in the volume integral. From this trace 
equation one sees that the kinetic energy and pressure of the fluid con- 
409/117/l-5 
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tribute to expansion and the gravitational force opposes expansion, but 
only along the x3 (vertical) direction. It follows that inward forces, e.g., 
boundary forces, must be exerted on the system to maintain its shape. 
3.3. Antisymmetric Part 
The antisymmetric part of the moment equations (3.3) involves the 
angular momentum of the fluid, L,, given by 
L,= 
1 
(x;vj-x,u,)d3x= (x,vj-xxivi). (3.11) 
” 
The moment equations’ antisymmetric part is 
)I . (3.12) 
By Gauss’s theorem one may again remove the viscous effects to the 
boundary, 
+ fjs dsk (6 ktxje6k,xi)~+~ [si(vj)-sj(ui)l 3 (3.13) 
where Xp = (x,b) = j V d3x(x,b), i = 1, 2, 3, are components of the center of 
mass vector, Xb. In particular, in the absence of torque on the boundary, 
one finds that dL,,/dt = 0, so the angular momentum, L,,, about the ver- 
tical axis is conserved. 
The vector version of the angular momentum equation can be written for 
homogeneous (torque-free) boundary conditions as 
(3.14) 
where the vector components Lk are given in terms of the matrix com- 
ponents L, by 
L, = fE,&, (3.15) 
and skii is the antisymmetric Levi-Civita tensor density. By Eq. (3.14) for 
dL/dt, an offset of the center of mass away from the z axis causes a 
gravitational torque on the fluid which generates angular momentum. 
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Thus, the antisymmetrized moment equations (3.12) or (3.13) explain 
how the angular momentum of the fluid body is affected by torques due to 
gravitational force, viscous friction (effectively removed to the boundary), 
and anisotropic external pressure distributions. 
3.4. Section Summary 
So far, the moment equations have depicted the flow as expansion, 
rotation and circulation, affected by gravity and boundary forces which can 
exert torque and cause shear. Under torque-free boundary conditions, the 
shape of the body (as described by the moment of inertia, ZV) is determined 
by the stress tensor T,, integrated over volume. The angular momentum of 
the body decays by viscous friction at the boundary, and changes under 
gravity due to gravitational torque, which acts on the center of mass of the 
fluid body. We now seek special solutions to the moment equations (3.3). 
4. SPECIAL SOLUTIONS WITH LINEAR PROFILES 
For the moment equations (3.3) of a stratified fluid in the Boussinesq 
approximation, we seek solutions that lie within the class of spatially linear 
fields, for temperature, salinity, and velocity. Equivalently, we seek 
solutions to (2.2) and (2.3) of the form, summing on repeated indices, 
8 = B;(t) xj 
CJ = cTi(t) xi (4.1) 
ui= A,(t) x,. 
We need the relations between linear profiles in Eulerian and Lagrangian 
coordinates. By the last equation for particle velocity v, one may relate 
fluid particle paths xi in fixed, Euierian space to the initial, Lagrangian 
positions xP of the particle according to 
x, = F,(t) xp, (4.2) 
with F&t =0) = 6, and A,= (RF-‘), for the velocity. One may then 
express all of the linear fluid profiles in terms of Lagrangian coordinates, 
according to: 
8 = O,(t) x; 
0 = C,(t) xi” 
vi=&j(t)x; 
xi= F,(t) x,“. 
(4.3) 
Again, one sums on repeated indices. 
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For the incompressible flows in question, the condition V. v = 0 implies 
that Tr A = 0 = Tr k ‘. Consequently det F= const. = 1, and volume is 
preserved by the flow, jd3x = 1 d3xo. 
4.1. Lagrangian Moment Equations 
Substitution of the linear Lagrange profiles (4.3) into the moment 
equations (3.3) for a stratified fluid gives nine equations for the nine com- 
ponents of the matrix F,(t). Neglect of surface terms gives the following 
equations of motion for F,(t): 
PikrO,,Fc=6,(@) +g (aO,-PCk) c,F,iJ,, (4.4) 
or, after rearrangement, one finds the equations 
where c, = j xEx(:d3xo is the initial moment of inertia; and the average 
value of the pressure (p) is yet to be determined. 
4.2. Pressure Contribution and Equivalence 
The pressure contribution may be found by direct substitution of the 
linear profiles (4.1) into the equation of motion (2.2), which gives 
[k,+4-$3,,(ti4-Bfq 1 aij xj= -axi’ 
where, as before, A = FF-‘. 
Since the left-hand side of (4.6) is a homogeneous linear function of the 
coordinates, the pressure must be quadratic, 
p(X, t) =pO(t) + XiBq(t) X.1, (4.7) 
where po( t) denotes the pressure at the origin of coordinates and B,(t) is a 
symmetric matrix function of time. 
With this form for the pressure the right-hand side of equation (4.5) is 
determined in terms of F to be 
(j?) =po(t) k’+Tr(FTBFP), (4.8) 
where V= jv d3x is the constant volume of the fluid. 
When the pressure is of the form (4.7) the equations (4.5) in terms of the 
matrix F, and (4.6) in terms of A = FF-’ are equivalent. Consequently, for 
linear profiles the moment equations carry the same information as the 
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original partial differential equations (2.3) and (2.4). The advantage, 
however, of the moment equations is that they allow inclusion of boundary 
effects explicitly in the equations of motion. 
4.3. Example: Ellipsoidal Motion 
Consider a Boussinesq flow with linear profiles and homogeneous boun- 
dary conditions. The boundary condition for p requires that the pressure at 
the boundary match the external pressure, which is assumed to vanish. But 
what is the shape of this boundary? The form (4.7) for p summons 
quadratic surfaces of constant pressure (isobars). In particular the isobars 
are ellipsoidal when the symmetric matrix B,(t) in (4.7) is of the following 
form: 
&j(t) =po(t) c,, C, = Cji = const. 
In this case the pressure vanishes on the fixed ellipsoid 
(4.9) 
S(x) E (x:/d: +x:/6: +x:/d: - 1) = 0 (4.10) 
which describes the fixed boundary of the fluid in principal axes coor- 
dinates, with ellipsoidal axes di, i = 1,2, 3. The pressure in this case is given 
by jj = -PO(t) S(x) inside the ellipsoidal boundary, i.e., for S < 0. 
For a rigidly fixed, ellipsoidal boundary the other boundary condition is 
that the normal velocity component vanishes, i.e., v - VS = 0 at the surface 
of the ellipsoid. This condition is satisfied by the linear velocity profile 
vi = Aiixj provided A, is given by A = D WD-’ where the matrix W is 
antisymmetric, WT= - W; and D is diagonal, D = Diag(d,, d,, d3), in prin- 
cipal axis coordinates. 
Consequently, direct substitution of the linear profiles into the equaton 
of motion demonstrates existence of solutions for fixed boundaries of ellip- 
soidal shape. This was known already to Greenhill [2] in 1879; and it is 
still an interesting solution for us to study in order to exhibit the effect of 
stratification on fluid motion. We shall return to ellipsoidal solutions in 
Section 6, after we discuss the moments of the Boussinesq diffusion 
equations. 
5. COLLECTIVE DESCRIPTION OF DIFFUSION IN A MOVING FLUID 
In order to gain perspective on the effect of the fluid motion on diffusion, 
let us also take moments of the salinity and temperature equations in the 
Boussinesq approximation. For temperature diffusion, the moment 
equation is 
$‘&4Jjbj3-&-& 1 =o k h (5.1) 
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or, upon rearrangement, 
x.e-6. 8 1 ‘ax, lk ’ (5.2) 
where we have used Gauss’s theorem twice. Likewise, for salinity diffusion 
one finds a similar moment equation, 
$ j, d3x(xio) = 1, d3x[u,c + x,&u31 
x,&-6,0 . 1 (5.3) k 
These two equations describe the time variation of the “center of tem- 
perature” (x#) and “center of salinity” (x,0). The moment equations are 
$ (X,0)= (Uie+ATxiu3) f &s,(e) 
$ (Xja) = (Vi0 + AsXjU3) +&S,(a), 
where S,(O) describes the effects of thermal diffusion at the boundary, and 
is defined as in (3.5) earlier. 
The moment equations (5.4) and (5.5) show that the evolution of the 
centers of temperature and salinity are each determined by identical 
volume averages and surface integrals over their respective distributions, 
just as we could have found from direct substitution of linear profiles (4.1) 
into Eqs. (2.4). 
The moment equations (5.4) and (5.5) also prescribe the volume 
averages and surface integrals that control diffusive dynamics of tem- 
perature and salinity. For example, fluid motion affects centers of tem- 
perature (x#) and salinity (~,a) through the volume averages of the 
fluid velocity components over the temperature and salinity distributions. 
Boundary conditions affect the distributions both through the surface terms 
(which also depend upon constitutive parameters of the fluid through 
modeling numbers Pr, SC, Re) and through the spatial moments of the ver- 
tical velocity. Again we emphasize that the moment equations also have the 
advantage of explicit inclusion of the effect of boundary conditions on the 
global dynamics of the motion. 
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6. GYROSCOPIC DESCRIPTION FOR LINEAR PROFILES 
In Section 4 on special solutions with linear profiles, we mention 
Greenhill’s solution which describes spatially linear circulation of an ideal 
incompressible fluid without body forces, and inside a fixed ellipsoid. 
Greenhill [Z] noted in 1879 that the equation of motion for this flow has 
the same form as the Euler equations for the free rotation of a solid about 
a fixed point. 
Our goal is to extend Greenhill’s result to convective circulation of a 
stratified Boussinesq fluid in a uniform gravitational field. Recently 
Dolzhanskiy [9] has calculated a similar result for convection of an ideal 
incompressible fluid within an ellipsoid in a uniform field. In the 
Boussinesq approximation used by Dolzhanskiy, the equilibrium 
hydrostatic state has uniform density. In the theorem presented below we 
extend the result of Dolzhanskiy to include stratification caused by a 
salinity gradient, and place the result in the context of tensor moment 
dynamics. 
THEOREM. The convective flow of an ideal, stratified Boussinesqjluid in a 
un$orm field inside an ellipsoid for the class of spatially linear flow variables 
is described by the Euler-Poisson equations for motion of a heavy top. 
The proof of the theorem is the subject of the rest of this section. 
6.1. Linear Profiles, Vorticity Representation 
Spatially linear flow variables for stratified flow with velocity com- 
ponents vi (i= 1,2, 3) temperature 8, and salinity c‘, are as in Eqs. (4.1-3): 
xj = F,(t) xi” 
Vi=A,(t) Xj=FikXE 
8 = O,(t) .x; 
0 = C,(t) xf 
b= -Crl?+po. 
(6.1) 
Consequently such flows have uniform gradients, e.g., aUi/aXj = A,(t). In 
particular the antisymmeric part of A, represents uniform vorticity 
w  = curl v, with components wi given by 
wi = - $Eiik Ajk( t). (6.2) 
The curl of the Boussinesq motion equation (2.3) yields the following 
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equation for vorticity, where the incompressibility condition div v = 0 has 
been used: 
The vorticity equation translates into an equation for A,(t) as 
(6.3) 
(6.4) 
or in matrix-component form, 
(k+A2)jk-(x‘i+A2)kj= -; 6/,&6,,$, 1 . (6.5) k J 
We shall return to this equation later, in Section 6.4. 
6.2. Linear Profiles, Circulation Representation 
For a stratified Boussinesq fluid, the circulation is not conserved. From 
the equation of motion one finds 
d 
z 0 
v * dl = - k 0 bi . dl # 0, (Kelvin’s theorem) (6.6) 
where the contour of the integral moves with the particles. As we shall see, 
though, the circulation fv * dl is still the proper collective variable to 
describe the dynamics. By Stokes’ theorem one may recast the circulation 
formula (6.6) as 
d 
dt ss 
wdS=; 
ss 
ixVb.dS, (6.7) 
upon integrating over a surface whose boundary moves with the particles. 
For linear profiles with xi = F,xy Eq. (6.7) becomes an equation for F,(t): 
-$FT&kTF),m=;(-&FJm-& F+k,, (6.8) 
I m 
where the circulation matrix K,, is given by 
K,, = ( FTp - F’F),, . (6.8’) 
Eq. (6.8) is in a particularly good form because the density change b(x’, t) 
is simplest when expressed in terms of Lagrange variables. Namely, 
b= -cle+go=z+(-~o,+pc,)x~ 
-z+rkx; 
(6.9) 
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where r, is a constant vector comprised of the salinity and temperature 
gradients, composed with the constitutive coefficients. The vector r, is con- 
stant by virtue of the diffusion equations for 0 and D with linear profiles. 
These diffusion equation are recalled now, cf. (2.4): 
$H-A,Z)Z &2wAT4 
f (CJ-Asz)= &V2(d”). (6.11) 
The implications of these diffusion equations are that the deviations of the 
flow variables from the uniform state are all linear in the Lagrange coor- 
dinates, with constant Lagrange gradients: 
T-l=(B-A.z)=O,p$ 
S-sSg=&((T-AA,Z)=&C/J~ 
p- 1 =E(b-z)=crkxz 
O,, 2, = consts. 
r, = - c?Ok + /KC, = const. 
(6.12) 
That is, due to the Ansatz of linear Euler profiles it follows that only con- 
stant Lagrange gradients of temperature, salinity, and density are possible. 
When profiles are linear, the right-hand sides of the diffusion equations 
vanish; and temperature, density, and salinity gradients must rotate with 
the fluid. Thus, the gradients are frozen into the fluid. 
Now we may ask how the circulation matrix K(t) in (6.8’) changes in 
time for linear profiles. The collective circulation dynamics is governed by 
equation (6.8), namely, 
(6.13) 
Now the expression for density variation b(x’, t) in (6.9), 
0 b=z+rkXk, (6.14) 
implies that 
go F,, - $ Fz = r,F,m - rm Fxc I m 
which is equivalent to a cross product of vectors. 
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Using Eq. (6.15) we shall investigate the circulation equation (6.13) in 
both co-moving and fixed frames. 
6.3. Circulation Equation, Lagrangian Co-Moving Frame 
The circulation equation (6.13 ) in co-moving Lagrange coordinates 
becomes 
After absorption of s/Fr into r,,,, and contraction of (6.16) with the 
Levi-Civita tensor, we have 
cokkjk = E&,F~~. (6.17) 
The result is to express (6.16) as a vector equation 
It=F,xlY (6.18) 
where IY is a constant vector [by (6.9)], satisfying 
r;=o (6.19) 
and the components of F, are determined by the following matrix decom- 
position (polar decomposition): 
FM = CRID&IM = (RlD)x, Mth = 6,Mth, (6.20) 
where 6 is a fixed vector. Suppose in these equations that only the rotation 
matrix R2(t) depends on time, while R, and D are fixed. Then the rotation 
matrix R, defines the orientation of the ellipsoidal fluid boundary relative 
to the vertical axis. The elements of the diagonal matrix D are the fixed 
principal axes of the fluid ellipsoid (Dij = di, no sum). The constant vector 
6 with components R,D describes how configuration affects the flow. The 
fixed vector r is determined by the initial gradients of temperature and 
salinity along the principal axes, these initial gradients then circulate with 
the flow. The constant vector r depends essentially upon everything in the 
problem statement except the geometrical configuration. With 
E= -&.+/?A,, and cr=.sfi, we have from (6.12) 
rk=&&&+pr,). (6.21) 
Here A., A, are determined by boundary conditions; Ok, Ck are initial 
conditions; a, fl are constitutive parameters from the linear equation of 
state; and Fr = V2/( gL) is the Froude number, which sets the dimensional 
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scale. The circulation equation (6.18) expresses Kelvin’s theorem (6.6) or 
(6.7) in collective fluid coordinates in the Lagrangian representation. 
6.4. Circulation Equation, Fixed Eulerian Frame 
The equations (6.18) and (6.19) for K and r in the Lagrangian 
co-moving fluid frame are equivalent to the gyroscope equations in a 
fixed frame, when we identify K as the gyroscope’s angular momentum in 
space and r as a constant vector along the vertical 02 axis. Conversely, 
the collective circulation equations in the Eulerian representation will 
correspond to the gyroscope equations in body coordinates. To see the 
converse relations, let us go back to the vorticity equation. The vorticity 
equation (6.5) is 
(k+A2)jk-((k+A2)k,= -; (6.22) 
or, in matrix form with suppressed indices, 
(k+A2)-(k+A2)T= +pVb], (6.23) 
where [,] denotes the commutator. This equation can be rewritten in 
terms of F&t). Since A - FF- ‘, one has k + A2 = FF- ‘. Therefore, in terms 
of the circulation matrix, K, the left-hand side of (6.23) becomes 
(k+A2)-(k+A2)T=~F-1-(~F--l)T=(F-1)TkF-’. (6.24) 
Naturally, one may now recover our previous equation (6.16) for K. 
Instead, let us write the Eulerian version of these equations. 
Let the matrix F be decomposed as before into a triple matrix product, 
F= F1 DR2. The orthogonal matrix RI determines the fixed Eulerian orien- 
tation of the ellipsoidal principal axes; whose lengths are the elements of 
the diagonal matrix D. Finally, the time-dependent orthogonal matrix 
R2(t) determines the Lagrangian orientation of the particles, relative to the 
orientation of their initial positions. In terms of R,, D, R2 one finds 
[i;;F-’ - @‘-‘)=I 
=R,[DhD-‘+D%D+Do2D-‘-D-‘o*D] R;’ (6.25) 
where w  = A, R;’ is the Lagrangian angular velocity matrix and RI and D 
are fixed for the present example. 
The vorticity equation (6.22) then takes the form, using (6.24) and 
(6.25 h 
RID-‘[D2ti+hD2+D2c02-co2D2] D-‘R,‘= -; [&Vb] (6.26) 
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which may be rewritten as 
ti+ CM, o]= -& DR;~[s, Vh] R,D, (6.27) 
where A4 is the analog of the angular momentum matrix. In terms of w  and 
D, M is defined to be 
ME D2w + wD*. (6.28) 
That is, M is the circulation K, referred to fixed coordinates. Thus, 
M= R,KR;‘. (6.29) 
Therefore, the left-hand side of the vorticity Eq. (6.27) is the fixed-frame 
version of 1% Indeed, one has from (6.29) 
~=R;~[A~+Mu-coM]R,. (6.30) 
The right-hand side of the vorticity equation (6.27) may be simplified to 
read 
- &DR;1[2,Vb] R,D= -[S,, B,], (6.31) 
where the vector components B, and 6; are given by 
Bj=;go (R,‘),j=I’,(R;‘),, (6.32) 
I 
6i=(R1D)3;. (6.33) 
Here, Bj are the rotating spatial components of the vector f,, which is 
fixed in the rotating frame; and ~5~ is the same fixed, geometrical vector as 
appears in Eq. (6.20). 
The equation of motion for B, is readily obtained from the time- 
derivative of (6.32) to be 
li, = - B,wo = E~~,w~ B, (6.34) 
or, in vector notation, 
B=oxB. (6.35) 
Likewise, in vector notation the vorticity equation (6.27) reads 
M+MxcJI=GxB. (6.36) 
These are the equations in body coordinates for a heavy top, or 
gyroscope [lo] up to replacement of angular velocity o by -w, in order 
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to account for the reversal of the frames between Eulerian and Lagrangian 
coordinates. For the heavy top, 6 is the distance from the stationary point 
to the center-of-mass in body coordinates, and B is the unit vector in the 
vertical direction, as viewed from the body frame. 
7. PLANAR CIRCULATION AND PENDULUM MOTION 
When constrained to move only in a vertical plane, the gyroscope 
reduces to a simple pendulum. Likewise, the circulation equation (6.36) 
reduces to the equation for a simple pendulum in the case of planar flow of 
a stratified fluid within an elliptical boundary. The case of planar cir- 
culation exemplifies the types of results obtainable from the gyroscopic 
analog for fluids. In particular, one identifies the parameters of planar cir- 
culating flow with the parameters of a simple pendulum. Thus, one 
describes planar convection as “angular sloshing” whereby the density 
gradient of the stratified fluid undergoes pendulum motion in the plane. 
Consider planar circulation of a stratified fluid which is bounded by a 
fixed ellipse as in Fig. 1. This figure shows an ellipse whose principal axes 
(d2, d,) are oriented at an angle Y relative to the coordinate axes of the 
(x2, x,)-plane. The orientation, shape, and location of the elliptical boun- 
dary is defined in the (x2, x,)-plane by the trace equation 
0 = S(x) = Tr[x’R,(II/) D2R;‘($) x] - 1. (7.1) 
Here R,(Y) represents rotations by angle !P about the x1 axis, and D is 
diagonal matrix of principal axes of the ellipse: 
RI($) = 
cos l+b sin $ 
-sin+ costj 
(7.2) 
I 
FIG. 1. Orientation and shape of the elliptical domain of fluid flow. 
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Both matrices R, and D have constant elements when the boundary of the 
fluid domain is fixed. 
At the boundary the normal component of fluid velocity must vanish. 
This boundary condition, v - VS= 0, is satisfied by a velocity field with 
linear profile 
ui = A,(t) XI, i, j=2, 3. (7.3) 
provided the time-dependent matrix A,(t) is of the following form 
A = R,($) Do(t) D-‘RF’($), (7.4) 
where the matrix o(t) is antisymmetric, mT = --o. Such a matrix A is also 
traceless, so it satisfies the condition for incompressible flow, V - v = 0, as 
discussed after Eq. (4.3). 
The matrix a(t) measures the rate of circulation of the fluid in the plane. 
For particle trajectories described by xi= I;ii(t) x,“, under the matrix 
decomposition (6.20) of the form 
F(t) = RI($) DR,(cp(t)) (7.5) 
one finds that w(t) is the Lagrangian angular velocity matrix, 
(7.6) 
which follows by substitution of (7.5) into the matrix relation, A = &‘(t), 
and comparison with (7.4). The Lagrangian angular velocity o(t) is related 
to the vorticity of the flow, w(t) = V x v, by 
d; + d: 
W,=Elj~Akj=A32-A23=-~(t)-. 
4 4 
(7.7) 
Thus, the vorticity is uniform and it depends upon both circulation rate, 
d(t), and the shape of the boundary. 
In terms of d(t) the circulation matrix M given by (6.28) takes the form 
for planar flow, 
M=D*co+coD*=@(t)(d;+d$ (7.8) 
Because the circulation matrix, M = (4 + d:) w, is proportional to angular 
velocity w, the commutator [M, w] vanishes in the equation of motion 
(6.27). Thus for planar circulation (6.27) simplifies to 
it&v= -6iBj + GjBi, i,j=2,3 (7.9) 
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where, according to (6.32) and (6.33) 
si=CR1(ICI) D13i 
Bj= CRZ((P(t))ljk r/c, r, = const. 
(7.10) 
In (7.10) 6 is a fixed vector such that b2 = 1 locates a point on the boun- 
dary ellipse; and the Eulerian density gradient B(t) rotates rigidly in the 
plane under the circulatory motion of the flow. 
Substitution of the planar flow parameters M, 6, B into (7.9) now yields 
the equation of motion for the angular variable 6(t), namely 
+=Fcosqn+Gsinq 
with constants F, G defined by 
(7.11) 
F=d:+d: 
-3- (r, cos $ + r, sin 4) 
G= sin * + f, cos II/). 
(7.12) 
More convenient constants are the “phase angle” &’ and “squared fre- 
quency” g/L defined to be the polar components of F and G, 
(7.13) 
In terms of these constants, from (7.11) there emerges the simple pendulum 
equation 
@ = g/L sin(q + 40~) (7.14) 
with its energy integral 
;@‘+g/L(l+cos(q+rp,))=-& = const. (7.15) 
The phase angle &, is the angle made initially between the density gradient 
vector I? and the upward vertical direction. 
Thus, the gyroscopic analog provides an interpretation of planar cir- 
culation in terms of pendulum motion. The particle trajectories for fluid 
circulation are defined by 
xi= C~,~~2k4l,q (7.16) 
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where b(t) obeys the pendulum equation. The density gradient F remains 
constant in the Lagrange frame; and its Eulerian representative 
B = R,($) F undergoes pendulum motion, or “angular sloshing.” 
Depending upon the initial circulation rate d(O), the density gradient in 
Eulerian coordinates either oscillates (I Q(t)\ d 271) or it circulates (I 4(t)) 
unbounded). Then according to the linear llow representation (6.12) the 
gradients of temperature and salinity also rotate rigidly with the circulatory 
flow. In an experimental situation the oscillations would be damped and 
could be destabilized by boundary layer viscosity. 
8. CONCLUSION AND SUMMARY 
By the method of tensor moments we have constructed a map between 
self-similar incompressible fluid flows in three dimensions and certain non- 
linear dynamical systems. This map makes it possible to ascribe a 
hydrodynamic meaning to these dynamical systems; which may then be 
investigated further, either mathematically or with analog electrical and 
mechanical experiments. For the example in Section 6 of ellipsoidal motion 
of a fluid the mechanical analog provided by this map is precisely a 
classical gyroscope, about which much is already known [17]. For ellip- 
tical circulation in a plane the gyroscopic analog provided by this map 
reduces to the simple pendulum, as discussed in the last section. 
Besides its mathematical and experimental appeal, such a map also 
provides benchmark standards of precision for numerical computer 
calculations that simulate multi-dimensional fluid motion. 
As a corollary, the map between fluids and dynamical systems presented 
here provides further examples of fully nonlinear hydrodynamic motions 
that are completely integrable in the Hamiltonian sense [ 123. For example, 
analogs of the symmetric top, Lagrange-Poisson top, and Kovalevska top 
are all completely integrable for the fluid problem in Sect. 6. 
The stability behavior of such analog systems under perturbations 
remains an open question. However one may suppose that some pertur- 
bations will produce global instability (as for stationary rotations of a top 
about its intermediate principal axis). Other perturbations will lead to 
period-doubling by Hopf bifurcation, followed by transition to chaotic 
behavior signaled by the creation of Smale horseshoes. For perturbations 
of a Lagrange-Poisson top that lead to Smale horseshoes, see [18]. 
However, a word of caution: stability of fluid systems must be 
investigated beyond the stability of its associated first-moment dynamical 
analogs. Investigation of stability for fluid systems also requires 
examination of the higher moments of the fluid equations whenever 
instability can change the shapes of the fluid profiles [ 11. For fluid motion, 
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the question of structural stability evidently has a negative answer. For 
example, a uniformly circulating fluid within an ellipsoid may suddenly 
break up into two or more smaller convection cells [9], like Taylor cells 
do in Couette flow. The higher tensor moments of the fluid equations may 
be useful in order to characterize these observed bifurcation points. 
The same tensor-moment method applied here would work equally well 
in orthogonal curvilinear coordinates, or in the n-dimensional case. The 
method also applies to a wealth of other fluid problems, such as com- 
pressible magnetohydrodynamics. In this regard see [11] where emphasis 
is also given to group-theoretical aspects of the linear-profile problem for 
magnetohydrodynamics. 
Because it is an integral method, in general one obtains only 
approximate solutions from the tensor-moment method. However, for fluid 
motions with ellipsoidal symmetry and linear spatial profiles the tensor 
moment method produces exact solutions of the original partial differential 
equations. These solutions are valid at every point in the fluid domain, as 
demonstrated in Section 4 and Section 6 of the present paper. 
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